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Toni Annala
Abstract
The purpose of this paper is to compare three versions of bivariant algebraic
cobordism: the bivariant algebraic cobordism, the universal precobordism, and the
operational algebraic cobordism. We show that there is a very close relationship
between universal precobordism and bivariant algebraic cobordism, and that, over a
base field of characteristic 0, the former can be used to give a new presentation of the
algebraic bordism groups of Levine–Morel, which simplifies slightly the presentation
achieved by Lowrey–Schürg. We also strengthen a result of Vezzosi on operational
derived K-theory. In the appendix, we fill the gaps in Lowrey–Schürg’s construction
of virtual pullbacks in algebraic bordism.
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1 Introduction
Algebraic cobordism was originally introduced by Voevodsky for his original approach
to proving Milnor conjecture. A geometric study of a closely related theory of algebraic
bordism was later initiated by Levine and Morel (see their foundational treatment [11]),
and it has been succesfully applied to problems arising as diverse areas as Donaldson–
Thomas theory and arithmetic questions about algebraic groups. However, the bordism
groups Ω∗ of Levine–Morel are only defined for quasi-projective schemes over a field k of
characteristic 0. Lowrey and Schürg in [13] gave a definition for derived bordism groups
dΩ∗ that works over a general base ring A. Unfortunately, the direct study of the theory
proved hard, and the only non-obvious results on dΩ∗ are obtained via a comparison to
the classical bordism theory Ω∗. In particular, there were no non-trivial results without
the assumption that A is a field of characteristic 0.
In [3], the author extended the derived bordism groups of Lowrey-Schürg to a bivariant
theory Ω∗ called bivariant algebraic bordism. As a special case, the bivariant theory yields
a ring valued cohomology theory called algebraic cobordism, which can also be used to
construct a candidate for Chow rings of singular varieties. Many expected properties of
these theories, were verified in [3], but unfortunately they too make heavy use of the
comparison results with the classical bordism groups Ω∗, and therefore the proofs work
only over fields of characteristic 0. However, in [5, 4] an alternative construction was
studied, the universal precobordism theory Ω∗, and most of the properties proven in [3]
for Ω∗ (in characteristic 0) were proven directly for Ω∗ over an arbitrary Noetherian ring
A (of finite Krull dimension). However, it was not clear exactly how the two theories Ω∗
and Ω∗ relate to each other. One of the purposes of this work is to answer this question.
2
Summary of results
We will construct a sequence of Grothendieck transformations
Ω∗
η1−→ Ω∗
η2−→ opΩ∗,
where Ω∗ and Ω∗ are as above, and where opΩ∗ is the operational cobordism of González–
Karu from [9], extended to derived schemes in a trivial way (see Section 4.1). We also
note the following further information.
• The transformation η1 is constructed in Corollary 3.8. It is surjective, and its kernel
is exactly the bivariant ideal generated by the analogues of Lowrey–Schürg’s snc-
relations in Ω∗.
• The transformation η2 is constructed in Theorem 4.6 after equipping the operational
cobordism with a canonical orientation along quasi-smooth morphisms. There is also
an alternative construction for operational cobordism, opdΩ∗, given in Section 4.3,
and it is easier to equip opdΩ∗ with the desired orientation. However, the reader
should not be fooled: showing that opdΩ∗ is equivalent to opΩ∗ is essentially as hard
as constructing the canonical orientation on opΩ∗.
Moreover, over a field k of characteristic 0, combining the algebraic Spivak’s theorem
of Lowrey–Schürg (see [13]), stating that for all quasi-projective derived k-schemes
dΩ∗(X) = Ω∗
(
τ0(X)
)
,
where the right hand side is the algebraic bordism of Levine–Morel of the truncation
τ0(X), with Corollary 3.8, we obtain a presentation for classical algebraic bordism as
Ω∗
(
τ0(X)
)
= Ω−∗(X → pt)/〈Rsnc〉(X → pt)
which is slightly simpler than the original derived presentation of [13], since we do not
have to tensor with the Lazard ring in the definition.
We will give a detailed construction of virtual pullbacks in classical algebraic bordism
in Appendix C, fixing some gaps and mistakes in [13]. The results use the detailed study
of truncations of derived blow ups and derived deformation to normal bundle spaces
obtained in Appendix B, which in turn use the results of Appendix A concerning the
Hurewicz morphism.
Finally, our Theorem 4.12 can be used to strengthen a result of the revised version
of the appendix by Vezzosi to [1] (not yet publicly available). Namely, it can be used to
show that the derived operational K-theory groups
opKder(X → Y )
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are canonically isomorphic to the operational K-theory groups
opK
(
τ0(X)→ τ0(Y )
)
of Anderson–Payne (see [2]) of the truncation. In the said appendix, it was only proven
that there is a canonical injective homomorphism.
Conventions
We will freely use the language of ∞-categories and derived algebraic geometry when-
ever necessary. All derived schemes we consider are going to be quasi-projective over a
Noetherian ring of finite Krull dimension. Hence, we may define a (quasi-)smooth mor-
phism of derived schemes to be a morphism whose relative cotangent complex is perfect
and has Tor-amplitude 0 (1). A quasi-smooth closed immersion is often also called a
derived regular embedding.
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2 Background on bivariant theories
The purpose of this section is to recall the necessary background on the bivariant formalism
of Fulton and MacPherson, as well as the construction of the universal bivariant theory
of Yokura constructed in [20].
2.1 Bivariant theories
Let C be a category with a final object pt and all fibre products. Moreover, suppose we
have also chosen
1. a class C of morphisms in C called confined morphisms which contains all isomor-
phisms and is closed under compositions and pullbacks;
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2. a class I of Cartesian squares in C called independent squares which contains all
squares of form
X Y
X Y
f
IdX IdY
f
and
X X
Y Y,
IdX
f f
IdY
and is closed under vertical and horizontal compositions in the obvious sense as well
as isomorphisms of Cartesian squares
3. a class S of morphisms in C called specialized morphisms which contains all iso-
morphisms and is closed under compositions.
Such a tuple F = (C,C ,I ,S ) is called a functoriality.
Definition 2.1. A bivariant theory B∗ (with functoriality F ) assigns a graded Abelian
group B∗(X → Y ) to all morphisms in C. Moreover
1. if X → Y factors as X
f
−→ X ′ → Y with f confined, there is a bivariant pushforward
f∗ : B
∗(X → Y )→ B∗(X ′ → Y );
2. if the pullback square obtained by pulling back X → Y along g : Y ′ → Y is
independent, then there is a bivariant pullback
g∗ : B∗(X → Y )→ B∗(Y ′ ×Y X → Y
′);
3. given a composition X → Y → Z, there is a bilinear bivariant product
• : B∗(X → Y )× B∗(Y → Z)→ B∗(X → Z).
Moreover, this structure is required to satisfy certain axioms, such as functoriality of
pullbacks and pushforwards, projection formula, existence of units and so on (see [8] or
[3] for further details).
Definition 2.2. If B∗ is a bivariant theory with functoriality F , then an orientation θ
on B∗ is a choice of elements
θ(f) ∈ B∗(X
f
−→ Y )
for all specialized morphisms f , so that θ(Id) = 1 and θ(f ◦ g) = θ(g) • θ(f). If the
specialized morphisms are stable under independent pullbacks, we say that θ is stable
under pullbacks if bivariant pullbacks preserve orientations.
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Definition 2.3. Given a bivariant theory B∗, one can define
1. the associated homology groups B∗(X) := B
−∗(X → pt) which are covariantly func-
torial for confined morphisms;
2. the associated cohomology rings B∗(X) := B∗(X
Id
−→ X) which are contravariantly
functorial for all morphisms, and whose ring structure is given by the bivariant
product.
If the bivariant theory B∗ is equipped with an orientation θ, then we can define
1. Gysin pullback morphism f ! : B∗(Y )→ B∗(X) for f : X → Y specialized defined by
α 7→ θ(f) • α;
2. Gysin pushforward morphism f! : B
∗(X) → B∗(Y ) for f : X → Y specialized and
confined defined by
α 7→ f∗
(
α • θ(f)
)
.
It follows from the multiplicative properties of orientations that the Gysin pushforwards
and pullbacks are functorial in the obvious sense.
Definition 2.4. A Grothendieck transformation η : B∗1 → B
∗
2 consists of group homo-
morphisms ηX→Y : B
∗
1(X → Y ) → B
∗
2(X → Y ) that commute in the obvious sense with
bivariant pushforwards, pullbacks and products. If the theories B∗1 and B
∗
2 come equipped
with orientations θB
∗
1 and θB
∗
2 respectively, then η is said to be orientation preserving if
η
(
θB
∗
1(f)
)
= θB
∗
2(f)
for all specialized morphisms f .
The following terminology will be convenient when constructing interesting bivariant
theories by imposing relations to “free bivariant theories”.
Definition 2.5. Let B∗ be a bivariant theory. A bivariant subset S ⊂ B∗ is a collection
of subsets
S(X → Y ) ⊂ B∗(X → Y ),
one for each morphism in C. A bivariant subset I is a bivariant ideal if I(X → Y ) are
stable under bivariant pullbacks, pushforwards and if
B
∗(X → Y )× I(Y → Z)
•
−→ I(X → Z)
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and
I(X → Y )× B∗(Y → Z)
•
−→ I(X → Z)
for allX → Y → Z. Given a bivariant subset S ⊂ B∗, we will denote by 〈S〉B∗ the smallest
bivariant ideal of B∗ containing S, the bivariant ideal generated by S. Oftentimes we will
drop the subscript and denote the generated ideal as 〈S〉 if the bivariant theory B∗ is clear
from the context.
The following result is essentially Lemma 3.8 of [3], but see also Proposition 3.7 of [5].
Proposition 2.6. Let B∗ be a bivariant theory having bivariant pullbacks along all Carte-
sian squares. If S ⊂ B∗ is a bivariant subset, then the elements in 〈S〉 are linear combi-
nations of elements of form
f∗(α • g
∗(s) • β)
where α, β ∈ B∗, g is an arbitrary morphism and f is a confined morphism (with the
obvious restriction that the above expression should make sense).
Remark 2.7. In the sequel, we will have to apply these definitions in the situation where
C is the homotopy category of some∞-category. Essentially nothing changes, except that
one should replace “Cartesian” with “homotopy Cartesian” everywhere.
2.2 Universal bivariant theory
Let us recall the construction of the universal bivariant theory MF of Yokura. Let
F = (C,C ,I ,S ) be a functoriality and let us assume that
1. I contains all (homotopy) Cartesian squares;
2. S is stable under pullbacks.
Construction 2.8. Given a morphism X → Y in C, define MF as the free Abelian
group genenerated by isomorphism classes of confined morphisms V → X so that the
composition V → Y is specialized. The operations are defined as follows:
1. if X → Y factors through a confined morphism f : X → X ′, then the bivariant
pushforward f∗ :MF (X → Y )→MF (X ′ → Y ) is defined by linearly extending
[V
h
−→ X ] 7→ [V
f◦h
−−→ X ′];
2. the bivariant pullback g∗ : MF (X → Y ) → MF (Y ′ ×Y X → Y ′) is defined by
linearly extending
[V
h
−→ X ] 7→ [Y ′ ×Y V
Id×Y h−−−−→ Y ′ ×Y X ];
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3. given a composable pair of morphisms X → Y → Z, the bivariant product
MF (X → Y )×MF (Y → Z)→MF (X → Z)
is defined by bilinearly extending the following formula: given cycles [V → X ] ∈
MF (X → Y ) and [W → Y ] ∈MF (Y → Z), form the Cartesian diagram
V ′ X ′ W
V X Y Z
and set [V → X ] • [W → Y ] := [V ′ → X ]. This is well defined since both con-
fined and specialized morphisms were assumed to be stable under pullbacks and
compositions.
The theory comes equipped with a natural orientation θ given by
θ(f) = [X
Id
−→ X ] ∈MF (X
f
−→ Y )
which is stable under pullbacks.
The theory MF constructed above satisfies the following universal property.
Theorem 2.9 ([20] Theorem 3.1 (2)). If B∗ is a bivariant theory with functoriality F
(with restrictions as above) equipped with an orientation that is stable under pullbacks,
then there exists a unique orientation preserving Grothendieck transformation
η :MF → B
∗.
Remark 2.10. The assumptions on F are not weakest possible to prove Theorem 2.9: in-
stead of requiring every Cartesian square to be independent, one could as for C-independence
(see [20] for details). However, this slightly more general statement is superfluous for our
purposes.
Remark 2.11. Again, we will have to apply the above constructions and results when C
is the homotopy category of an ∞-category. Then all instances of “Cartesian” should be
replaced with “homotopy Cartesian”.
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3 Algebraic cobordism versus universal precobordism
The purpose of this section is to compare the two bivariant theories that are candidates for
bivariant algebraic cobordism: the bivariant algebraic cobordism Ω∗ constructed in [3], and
the universal precobordism Ω∗ constructed in [5] and studied further in [4]. Throughout
the section, we will denote by A the base ring that is assumed to be Noetherian and
of finite Krull dimension. Let F = (C,C ,I ,S ) be the functoriality where C is the
homotopy category of quasi-projective derived schemes over A, where C is the class of
projective morphisms, where I is the class of all homotopy Cartesian squares and where
S is the class of quasi-smooth morphisms (of pure relative dimension). It is useful to
make the following definition.
Definition 3.1. A bivariant theory B∗ with functoriality F is called additive if the
morphisms
B
∗(X1 → Y )⊕ B
∗(X2 → Y )
ι1∗+ι2∗−−−−→ B∗
(
X1
∐
X2 → Y
)
,
where ιi is the natural map Xi → X1
∐
X2. are isomorphisms for all X1, X2 and Y .
Let us denote by M∗+ will denote the universal additive bivariant theory with functo-
riality F , i.e., the theory which is obtained fromM∗
F
by imposing relations that identify
taking disjoint union with summation. Then Md+(X → Y ) is the group completion on
the Abelian monoid on equivalence classes
[V → X ]
of projective morphisms so that the composition V → Y is quasi-smooth of relative virtual
dimension −d.
Let us next recall the details of the constructions of the bivariant theories Ω∗ and Ω∗.
Construction 3.2 ([5] Section 6.1). The universal precobordism theory Ω∗ is constructed
as M∗+/R
dpc, where Rdpc is the bivariant ideal of double point cobordism relations. In
other words, Rdpc(X → Y ) is generated, as an Abelian group, by elements of form
[W0 → X ]− [A→ X ]− [B → X ] + [PA∩B(OW (A)⊕O)→ X ],
where W → P1 ×X is projective, the composition W → P1 × Y is quasi-smooth (of pure
relative dimension), W0 is the fibre over 0, and A and B are virtual Cartier divisors in
W whose sum is the fibre over ∞. It is an easy exercise to show that Rdpc is a bivariant
ideal.
Construction 3.3 ([3] Section 3.3). The bivariant algebraic cobordism Ω∗ is constructed
from L⊗M∗+ in three steps (cf. [13] Section 3):
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1. The naive cobordism theory Ω∗naive is defined as L ⊗ M
∗
+/R
fib where Rfib is the
bivariant ideal of homotopy fibre relations. In other words, Rfib(X → Y ) is the
L-module generated by elements of form
[W0 → X ]− [W∞ → X ],
where W → P1×X is projective, the composition W → P1×Y is quasi-smooth (of
pure relative dimension), and W0 and W∞ are the fibres over 0 and ∞ respectively.
2. The precobordism theory Ω∗pre is constructed from Ω
∗
naive in two steps. First of all,
define Ω′∗pre as Ω
∗
naive/〈R
fgl〉, where Rfgl is the bivariant subset of Ω∗naive so that
• Rfgl(X
Id
−→ X) contains elements of form
c1(L1 ⊗L2)−
∑
i,j
aijc1(L1)
i • c1(L2)
j
where L1 and L2 are globally generated line bundles on X and aij are the
coefficients of the universal formal group law F over the Lazard ring;
• Rfgl(X → Y ) is empty otherwise.
Secondly, we set Ω∗pre := Ω
′∗
pre/〈R
fgl
+ 〉, where R
fgl
+ is the subset containing all coho-
mological elements of form
c1(L )− F
−
(
c1(L1), c1(L2)
)
,
where L1 and L2 are globally generated, L ≃ L1 ⊗L ∨2 , and F
− is the difference
power series associated to F .
3. The bivariant algebraic cobordism Ω∗ is defined as Ω∗pre/〈R
snc〉.
In order to give the generating elements for Rsnc, we need to make some definitions.
Consider an effective strict normal crossing divisor D →֒ W in a smooth scheme W .
Let D1, ..., Dr be the prime components of D, and let
n1D1 + · · ·+ nrDr = D
(each ni is a positive integer). Then, denoting by +F the formal addition given
by the formal group law F and by [n]F the formal multiplication (iterated formal
addition), the formal power series
[n1]F · x1 +F · · ·+F [nr]F · xr
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in r variables has a unique expression of form∑
I⊂{1,2,...,r}
xIF n1,...,nrI (x1, ..., xr),
where
xI =
∏
i∈I
xi
and F n1,...,nrI (x1, ..., xr) contains only variables xi such that i ∈ I (see [11] Lemma
3.1.2 for details). Note that the intersections
DI :=
⋂
i∈I
Di
are smooth by assumption; denote by ιI the inclusion DI →֒ D. Let us define
(1) ζW,D :=
∑
I⊂{1,2,...,r}
ιI∗
(
F n1,...,nrI
(
c1
(
O(D1)
)
, ..., c1
(
O(Dr)
)))
∈ Ω∗pre(D → pt).
With these preparations, we define Rsnc to be the bivariant subset containing ele-
ments of form
1D − ζW,D ∈ Ω
∗
pre(D → pt),
where D is a normal crossing divisor in a smooth variety W and 1D is the funda-
mental class.
Remark 3.4. Note that the second step in the construction of Ω∗ is more complicated
than the corresponding step in [13]. It seems that there is a minor mistake in the proof
of Lemma 3.17 of op. cit., since it is not clear why the equation
c1(L1 ⊗L
∨
2 ) = F
−
(
c1(L1), c1(L2)
)
∈ Ω′∗pre(X)
should be true for L1 and L2 globally generated on X. Of course there is an easy fix,
which is precisely the extra step appearing in Construction 3.3.
We begin with an easy observation, which allows us to extend the cohomological uni-
versal property of Ω∗ (Theorem 3.11 of [4]) to a universal property of the whole bivariant
theory (see Theorem 3.6 below).
Lemma 3.5. Let Rdpc be the bivariant ideal as in Definition 3.2. Then
Rdpc = 〈Rdpccoh〉,
where Rdpccoh is the bivariant subset of M
∗
+ so that R
dpc
coh(X
Id
−→ X) = Rdpc(X
Id
−→ X) and
Rdpccoh(X → Y ) is empty otherwise.
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Proof. Since Rdpc is a bivariant ideal containing Rdpccoh , we have that 〈R
dpc
coh〉 ⊂ R
dpc. We
are therefore left to show the reverse inclusion Rdpc ⊂ 〈Rdpccoh〉. To show this, consider
f : X → Y and a projective morphism g : W → P1 × X so that the composition
(Id× f) ◦ g : W → P1 × Y is quasi-smooth (of pure relative dimension), giving rise to an
element
α := [W0 → X ]− [A→ X ]− [B → X ] + [PA∩B(OW (A)⊕O)→ X ] ∈ R
dpc(X → Y ).
Since
β := [W0 →W ]− [A→ W ]− [B →W ] + [PA∩B(OW (A)⊕O)→W ]
is in Rdpccoh(W →W ), we can conclude that
α = g∗
(
β • θ
(
pr2 ◦ (Id× f) ◦ g
))
is in 〈Rdpccoh〉(X → Y ), proving the claim.
Theorem 3.6. Let B∗ be an additive bivariant theory with the same functoriality as M∗+
and with an orientation θB which is stable under pullbacks. Suppose moreover that
1. given a line bundle L on X, then c1(L ) = i!(1D) ∈ B∗(X), where i : D →֒ X is
the inclusion of any virtual Cartier divisor in the linear system of L ;
2. the Chern classes c1(L ) are nilpotent and there exists a formal group law F
B(x, y) ∈
B∗(pt)[[x, y]] so that for all quasi-projective derived A-schemes X and for all line
bundles L1 and L2 on X,
c1(L1 ⊗L2) = F
B
(
c1(L1), c1(L2)
)
∈ B∗(X).
Then there exists a unique orientation preserving Grothendieck transformation
η : Ω∗ → B.
Proof. By the universal property of M∗+ there exists a unique orientation preserving
Grothendieck transformation η′ : M∗+ → B, so all that is left to do is to show that η
′
descends to give the desired transformation η. But since the conditions 1 and 2 above
are precisely what is needed in order for the cohomology theory associated to B∗ to be
oriented in the sense of [4] Definition 3.6 (the other requirements follow from the standard
properties of Gysin morphisms in bivariant theories and the stability of θB in pullbacks),
it follows from ibid. Theorem 3.11 that η′ must send all the elements of Rdpccoh to zero. But
this implies that η′ kills 〈Rdpccoh 〉, so the well definedness of η follows from Lemma 3.5.
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We are now ready to prove our main result.
Theorem 3.7. There exists is an orientation preserving Grothendieck equivalence
η : Ω∗
∼=
−→ Ω∗pre.
Proof. We begin by showing that the bivariant theory Ω∗pre defined in Construction 3.3
satisfies the assumptions of Theorem 3.6, which will give us the desired transformation
η. As the first Chern classes of globally generated line bundles are nilpotent, and as an
arbitrary line bundle L is equivalent to L1⊗L ∨2 with L1 and L2 globally generated (by
quasi-projectivity), also
c1(L ) = F
−
(
c1(L1), c1(L2)
)
is nilpotent. Moreover, by Proposition 3.19 of [13], the equality
c1(L1 ⊗L1) = F
(
c1(L1), c1(L2)
)
holds for arbitrary line bundles L1 and L2. Therefore Ω
∗
pre satisfies the assumptions of
Theorem 3.6 and we get the desired orientation preserving transformation η : Ω∗ → Ω∗pre.
On the other hand, the formal group law of Ω∗ induces a morphism L → Ω∗(pt) of
rings, and therefore we obtain an orientation preserving Grothendieck transformation
ψ′ : L⊗M∗+ → Ω
∗.
It is clear that ψ′ descends all the relations of Ω∗pre, so it yields a transformation ψ :
Ω∗pre → Ω
∗. We claim that ψ is the inverse of η. First of all, the composition ψ ◦ η is the
identity by Theorem 3.6, so it is enough to show that η is surjective. But this is easy: it
is enough to show that any element coming from L in Ω∗pre(pt) lies in the image of η, i.e.,
is represented by a derived scheme, and this follows as in [11] Remark 2.5.8.
Corollary 3.8. There is a unique orientation preserving Grothendieck transformation
η1 : Ω
∗ → Ω∗,
whose kernel is precisely 〈Rsnc〉. Here Rsnc is the bivariant subset of Ω∗ containing ele-
ments of form
1D − ζW,D ∈ Ω
∗(D → pt),
where ζW,D is defined by the formula (1) (which also makes sense in Ω
∗).
As a homological special case, we obtain a new presentation of derived algebraic bordism
groups dΩ∗ of Lowrey-Schürg:
dΩ−∗(X) ∼= Ω
∗/〈Rsnc〉(X → pt).
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4 Comparison with operational cobordism
In this section, we construct a Grothendieck transformation
η2 : Ω
∗ → opΩ∗,
where the right hand side is the operational bivariant algebraic cobordism constructed in
[9]. Since opΩ∗ is well defined only over characteristic 0, throughout this section the base
ring A = k is a field of characteristic 0. We will review the construction of operational
cobordism in Section 4.1 and also extend it to a bivariant theory on derived schemes
in a formal way. In Section 4.2 we use the virtual pullbacks of Lowrey–Schürg in [13]
(see also the appendix C) to equip opΩ∗ with a canonical orientation along quasi-smooth
morphisms, and prove the main result of the section (Theorem 4.6). Finally, in Section
4.3, we give an alternative construction for derived cobordism theory.
4.1 Review of operational cobordism
Let us first recall the construction of opΩ∗ from [9].
Construction 4.1. Given a morphism X → Y of quasi-projective classical k-schemes,
an element of the operational cobordism group opΩd(X → Y ) consists a collection of
morphisms
cg : Ω∗(Y
′)→ Ω∗−d(X
′)
indexed by morphisms g : Y ′ → Y , where the square
X ′ Y ′
X Y
g
is Cartesian, and the morphisms cg satisfy:
(C1) if h : Y
′′ → Y ′ is projective, then for any Cartesian diagram
X ′′ Y ′′
X ′ Y ′
X Y,
h′ h
g′ g
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we require that
h′∗ ◦ cg◦h = cg ◦ h∗
as morphisms Ω∗(Y
′′)→ Ω∗−d(X ′);
(C2) if h : Z
′′ → Z ′ is l.c.i. of relative dimension d′, then for any Cartesian diagram
X ′′ Y ′′ Z ′′
X ′ Y ′ Z ′
X Y,
h′′ h′ h
g′
f ′ f
g
we require that
cg◦h′ ◦ h
!
f = h
!
f◦f ′ ◦ cg
as morphisms Ω∗(Y
′) → Ω∗−d+d′(X
′′), where h! is the refined Gysin pullback from
Section 6.6 of [11] (note that both h!f and h
!
f◦f ′ would be denoted just by h
! in [11]);
The bivariant operations are defined as follows
1. bivariant product is defined in the obvious way by composing homomorphisms;
2. pushforward : if f : X → Y is proper, Y → Z is arbitrary, and c ∈ opΩd(X → Z),
then we define f∗(c) by the formula
f∗(c)g := f
′
∗ ◦ cg
where f ′ comes from the Cartesian diagram
X ′ Y ′ Z ′
X Y Z;
g′
f ′
g′ g
f
3. pullback : if g : Y ′ → Y is arbitrary and c ∈ opΩ∗(X → Y ), we can define g∗(c) by
the formula
f ∗(c)h := cg◦h,
where h : Y ′′ → Y ′ is an arbitrary morphism.
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The verification that with these operations opΩ∗ becomes a bivariant theory is done in
[9].
Note that the above theory is defined only for classical schemes. We extend it to
derived schemes with the following definition:
Definition 4.2. Let F = (C,C ,I ,S ) be the functoriality used in Section 3, i.e., C is
the homotopy category of the∞-category of derived schemes quasi-projective over k, C is
the class of projective morphisms, I the class of all homotopy Cartesian squares and S
the class of all quasi-smooth morphisms of pure relative dimension. We define the derived
operational cobordism theory, opΩ∗, as a bivariant theory with functoriality F , using the
formula
opΩ∗(X → Y ) := opΩ∗
(
τ0(X)→ τ0(Y )
)
where the right hand side is the bivariant group defined in Construction 4.1. The bivariant
operations are defined in the obvious way once we recall that truncation sends proper
morphisms to proper morphisms, homotopy Cartesian squares to Cartesian squares, and
respects composition.
Remark 4.3. The general definition of a bivariant class in [9] is more complicated than
the one we have used in Construction 4.1, but in the case of algebraic cobordism, these
simplified axioms suffice. This follows from Remark 3.4 of op. cit., and from the simple
fact that smooth pullback is a special case of a refined l.c.i. pullback.
4.2 Canonical orientation of operational cobordism
Using the results in the Appendix C, it is rather easy to equip opΩ∗ with orientations
along quasi-smooth morphisms of pure relative dimension.
Construction 4.4. Suppose f : X → Y is a quasi-smooth morphism of relative virtual
dimension d. We wish define the canonical orientation
θ(f) ∈ opΩ−d(X → Y ) = opΩ−d
(
τ0(X)→ τ0(Y )
)
as follows: if g : Y ′ → Y is any morphism, then we set
θ(f)τ0(g) := f
′! : Ω∗
(
τ0(Y
′)
)
→ Ω∗+d
(
τ0(X
′)
)
,
where f ′ is as in the homotopy Cartesian square
X ′ Y ′
X Y.
f ′
g
f
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Note that even though there are multiple choices of g with the same truncation τ0(g), the
morphism θ(f)τ0(g) is nonetheless well defined. Indeed, we can extend the above diagram
to
X ′′ τ0(Y
′)
X ′ Y ′
X Y
ι′
f ′′
ι
f ′
g
f
and since pushing forward along the immersions ι, ι′ induce the identity morphisms on
Ω∗(τ0(−)), we can conclude from Theorem C.1 3 that f ′! = f ′′!. On the other hand, since
the morphism g ◦ ι coincides with the composition
τ0(Y
′)
τ0(g)
−−−→ τ0(Y )
ι2−→ Y,
we see that f ′′ only depends on the truncation τ0(g), proving that θ(f)τ0(g) is well defined.
This construction does indeed yield an operational class.
Proposition 4.5. The collection of morphisms θ(f) constructed in Construction 4.4 is
an element of opΩ−d(X → Y ) = opΩ−d
(
τ0(X)→ τ0(Y )
)
.
Proof. We need to prove that the collection of morphisms constructed above satisfies the
properties (C1) and (C2). The proofs follow easily from Theorem C.1 and we will prove
(C2) since it is the hardest.
Let f be as in Construction 4.4, and suppose we have morphisms
Z ′′
Y ′ Z ′
X Y,
h
f
g
f
so that Y ′, Z ′ and Z ′′ are classical schemes and h is l.c.i. The homotopy Cartesian diagram
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X ′′ Y ′′ Z ′′
X ′ Y ′ Z ′
X Y,
h′′
f ′′
h′ h
g′
f ′ f
g
f
is then essentially uniquely determined (as is the underlying Cartesian diagram of classical
schemes). We can now compute that
θ(f)τ0(g◦h′) ◦ h
!
τ0(f)
= f ′′! ◦ h′! (Theorem C.1 2)
= h′′! ◦ f ′! (Theorem C.1 1)
= h!τ0(f◦f ′) ◦ θ(f)τ0(g) (Theorem C.1 2)
proving the claim.
We can now prove the main theorem of this section.
Theorem 4.6. The elements
θ(f) ∈ opΩ∗(X → Y )
give a canonical orientation for the bivariant theory opΩ∗(X → Y ) along quasi-smooth
morphisms of pure relative virtual dimension.
As a consequence, there is a unique orientation preserving Grothendieck transforma-
tion
η2 : Ω
∗ → opΩ∗,
where the left hand side is the bivariant derived algebraic cobordism of [3].
Proof. It is trivial to check that θ(Id) = Id and that θ(f ◦ g) = θ(g) • θ(f) whenever
both f and g are quasi-smooth and of pure relative virtual dimension. As the induced
homology theory of opΩ∗ coincides with the derived bordism theory dΩ∗ of Lowrey–
Schürg, opΩ∗ is a Borel–Moore bivariant theory in the sense of [3] Definition 3.10, and it
follows from Theorem 3.11 of [3] that there is a unique orientation preserving Grothendieck
transformation
Ω∗ → opΩ∗,
proving the claim.
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4.3 Alternative construction for derived operational cobordism
There is another, perhaps more natural candidate for operational cobordism of derived
schemes which starts with the derived bordism groups dΩ∗ of Lowrey–Schürg.
Construction 4.7. Given a homotopy class of morphisms X → Y of quasi-projective
derived k-schemes, an element of the operational derived cobordism group opdΩi(X → Y )
consists a collection of morphisms
cg : dΩ∗(Y
′)→ dΩ∗−i(X
′)
indexed by morphisms g : Y ′ → Y of derived schemes, where the square
X ′ Y ′
X Y
g
is homotopy Cartesian, and the morphisms cg satisfy:
(dC1) if h : Y
′′ → Y ′ is projective, then for any derived Cartesian diagram
X ′′ Y ′′
X ′ Y ′
X Y,
h′ h
g′ g
we require that
h′∗ ◦ cg◦h = cg ◦ h∗
as morphisms dΩ∗(Y
′′)→ dΩ∗−i(X ′);
(dC2) if h : Y
′′ → Y ′ is quasi-smooth of relative dimension i′, then for any derived Carte-
sian diagram
X ′′ Y ′′
X ′ Y ′
X Y,
h′ h
g′ g
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we require that
cg◦h ◦ h
! = h′! ◦ cg
as morphisms dΩ∗(Y
′′)→ dΩ∗+i′−i(X ′);
The bivariant operations are defined analogously to Construction 4.1, and the verifi-
cation that opdΩ∗ is a bivariant theory is easy.
By the algebraic Spivak theorem of [13], there is a natural isomorphism
dΩ∗(X) ∼= Ω∗
(
τ0(X)
)
under which quasi-smooth pullbacks are identified with the virtual pullbacks (see Ap-
pendix C for a construction of virtual pullbacks). From now on, we implicitly work
under this identification. It allows us to easily construct a Grothendieck transformation
ν : opdΩ∗ → opΩ∗:
Construction 4.8. Suppose c ∈ opdΩi(X → Y ) is an operational class. We construct a
class
ν(c) ∈ opΩi
(
τ0(X)→ τ0(Y )
)
by setting
ν(c)Y ′→τ0(Y ) = cY ′→Y
for all morphisms Y ′ → τ0(Y ) of classical schemes. This is a valid operational class as
(dC1) trivially implies (C1), and because (dC2) implies (C2) since refined l.c.i. pullbacks
are a special case of a virtual pullbacks (see Theorem C.1).
Lemma 4.9. The Grothendieck transformation ν is injective.
Proof. Suppose we have an operational class c ∈ opdΩ∗(X → Y ), and let Y ′ → Y be
a morphism of derived schemes. We can then apply (dC1) to the homotopy Cartesian
diagram
X ′′ τ0(Y
′)
X ′ Y ′
X Y,
to conclude that cY ′→Y is uniquely determined by cτ0(Y ′)→Y , and the claim follows.
It is slightly harder to show that ν is surjective. It will follow from
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Lemma 4.10. Suppose X → Y is a morphism of derived schemes, and suppose c is a
collection of morphisms as in Construction 4.7 satisfying (dC1). Then the following are
equivalent
1. c satisfies (dC2);
2. c satisfies the following two properties:
(dC ′2) if everything is as in (dC2), except h is smooth, then we require that
cg◦h ◦ τ0(h)
! = τ0(h
′)! ◦ cg;
(dC ′′2 ) if we have a homotopy Cartesian diagram
X ′′ Y ′′ {0}
X ′ Y ′ A1
X Y,
i′′ i′ i
g′ g
f
then we require that
cg◦j′ ◦ i
′! = i′′! ◦ cg.
Proof. It is clear that (dC2) implies (dC
′
2) and (dC
′′
2 ). To prove the other direction, we
investigate the construction of virtual pullbacks (Definitions C.3 and C.6), and notice
that conditions (dC1) and (dC
′
2) take care of everything else except the operational class
being compatible with pullbacks along a pseudo divisors, at least in the special cases
coming from the truncation of the derived deformation to normal bundle spaces. But
since pullback along pseudo divisor is the same as virtual pullback along a virtual Cartier
divisor (Lemma C.8), this last problem is taken care of by condition (dC ′′2 ).
We then immediately obtain the main result of this subsection:
Theorem 4.11. The Grothendieck transformation
ν : opdΩ∗ → opΩ∗
defined in Construction 4.8 is an isomorphism.
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A note on operational K-theory
We end with a related note concerning operational K-theory. For the rest of the section
we are going to work over a field k not necessarily of characteristic 0, and all derived
schemes are assumed to be quasi-compact and quasi-separated (but not necessarily quasi-
projective). Suppose f : X → Y is a morphism of such derived schemes, and suppose we
have a collection c of homomorphisms
cY ′→Y : K0(Y
′)→ K0(X
′)
indexed by homotopy classes of morphisms Y ′ → Y , where
X ′ Y ′
X Y
f ′
f
is derived Cartesian. We assume also that the collection c satisfies the following two
properties:
1. if h : Y ′′ → Y ′ is smooth, then for any derived Cartesian diagram
X ′′ Y ′′
X ′ Y ′
X Y,
h′ h
g′ g
we require that
cg◦h ◦ h
! = h′! ◦ cg;
2. given a homotopy Cartesian diagram
X ′′ Y ′′ {0}
X ′ Y ′ A1
X Y,
i′′ i′ i
g′
f ′ s
g
f
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we require that
cg◦h ◦ i
!
s = i
!
s◦f ′ ◦ cg,
where i!s and i
!
s◦f ′ are the refined Gysin morphisms. Since the above refined Gysin
pullbacks coincide with the virtual quasi-smooth pullbacks i′! and i′′! respectively,
this condition is the same as requiring
cg◦h ◦ i
′! = i′′! ◦ cg.
We then have the following result:
Theorem 4.12. Suppose c is as above. Then it satisfies the following condition: if
h : Y ′′ → Y ′ is a derived regular embedding, then for any derived Cartesian diagram
X ′′ Y ′′
X ′ Y ′
X Y,
h′ h
g′ g
we have that that
cg◦h ◦ h
! = h′! ◦ cg.
Proof. Using [10] Theorem 4.1.13, we can form the homotopy Cartesian diagram
Y ′ Gm × Y ′ M(Y ′′/Y ′) NY ′′/Y ′ Y
′′
Gm A
1 {0},
pr2 u j p
where M(Y ′′/Y ′) is the derived deformation to the normal bundle. We claim that h! can
be computed as the composition (p!)−1 ◦ j! ◦ (u!)−1 ◦ pr!2, where the well definedness of
j! ◦ (u!)−1 follows from j! ◦ j∗ = 0 and the localization exact sequence.
To prove this claim, we start by forming the homotopy Cartesian diagram
Y ′′ NY ′′/Y ′
A1 × Y ′′ M(Y ′′/Y ′)
Y ′′ Y ′
i0
s
j
h′′
i1
h
j1
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where j1 is the inclusion of the fibre over 1, and s is the zero-section. Given an element
α ∈ K0(X), we can choose α˜ ∈ K0
(
M(Z/X)
)
so that
u!(α˜) = pr!2(α)
and therefore
j!(α˜) = j! ◦ (u!)−1 ◦ pr!2(α).
It is then straightforward compute that
(p!)−1 ◦ j! ◦ (u!)−1 ◦ pr!2(α) = (p
!)−1 ◦ j!(α˜)
= s! ◦ j!(α˜)
= i!0 ◦ h
′′!(α˜)
= i!1 ◦ h
′′!(α˜)
= h! ◦ j!1(α˜)
= h!(α)
proving the desired identity.
We can then simultaneously, and compatibly, factor h′ and h so that it becomes evident
that the equality
cg◦h ◦ h
! = h′! ◦ cg
follows from the conditions 1. and 2. appearing just before the proposition.
The above theorem can be used to strengthen a result in the revised appendix of
Vezzosi to the paper [1]. Namely, it is proven there that there is a natural injective
homomorphism
α : opKder(X → Y )→ opK
(
τ0(X)→ τ0(Y )
)
where the left hand side is the operational derived K-theory (constructed in said ap-
pendix), and the right hand side is the operational K-theory of Anderson–Payne from
[2]. It is a straightforward corollary of Theorem 4.12 that the morphism α is actually an
isomorphism.
A Hurewicz Morphism
The purpose of this section is to study the naturality properties of the Hurewicz morphism,
which gives an easily understandable approximation to the relative cotangent complex.
The main result of this section is Corollary A.5, which shows, roughly speaking, that the
(zeroth homotopy of the) conormal sheaf of a closed embedding can be naturally identified
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with the (zeroth homotopy of the) restriction of the sheaf of “derived ideals” on the closed
subscheme. This result will play an important role in Section B, because it gives an easily
verifiable criterion for a commutative square of derived schemes to be a relative virtual
Cartier divisor (see Definition B.1).
Throughout this section, we will assume familiarity with Sections 7.3 and 7.4 of [15].
Since we are working over a base field k of characteristic 0, there is no difference between
derived and spectral algebraic geometry. Of course, the result of this subsection allow
a straightforward generalization to derived algebraic geometry over a general base, but
we will not pursue this generality here. All derived schemes are assumed to be quasi-
projective over k.
Let us fix some notation. We will denote by C the ∞-category of E∞-ring spectra,
e : TC → Fun(∆1, C) the tangent bundle to C, and π : MT(C) → ∆1 × C the tangent
correspondence. Let us also denote
p : TC
e
−→ Fun(∆1, C)→ Fun({1}, C) = C
and
q :MT(C)
π
−→ ∆1 × C
pr1−−→ ∆1.
Both p and q are Cartesian and coCartesian fibrations. Moreover, we recall that the fibre
of π over {1} × C can be naturally identified with p while the fibre over {0} × C can be
naturally identified with the identity IdC. Finally, we note that the fibre of p over an
object A ∈ C can be naturally identified with the ∞-category of module spectra over A.
We begin by constructing an ∞-functor Fun(∆1, C) 7→ Fun(∆1,TC) which sends a
morphism ψ : A→ B in C to a natural morphism ǫψ : B ⊗A Cofib(ψ)→ LB/A.
Construction A.1 (Functorial Hurewicz morphism). Applying [14] Proposition 4.3.2.15
several times, we may construct an∞-functor from Fun(∆1, C) to Fun∆1(∆
1×∆1/pr2∆
1,MT(C)).
Indeed, we start by applying loc. cit. to the coCartesian fibration q to obtain an∞-functor
that can be described on objects as
A
B
ψ 7→
A LA
B LB,
dA
ψ
dB
where dA and dB are the universal derivations of A and B respectively. Applying multiple
times loc. cit. itself, and once its dual (not in this order), to p, and composing with the
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above ∞-functor, we obtain an ∞-functor that is morally described by
A
B
ψ 7→
A LA 0A 0B
B LB LB/A
dA
ψ
dB
and applying the obvious forgetful functor sends the right hand side to the square
A 0B
B LB/A
ψ
dB/A
in MT(C). This concludes the first step of the construction of ǫB/A.
Let us finish the construction. By the identification of TC ≃ Exc(S
fin
∗ , C), there is a is
a forgetful functor sending the above square to the square
A B
B B ⊕ LB/A
ψ
ψ η0
ηB/A
in C, where ηB/A and η0 are the morphisms B → B ⊕ LB/A induced by the universal and
the trivial A-derivations. Composing with the section of p : TC → C sending C to C
considered as a C-module, and applying [14] Proposition 4.3.2.15 as above, we cand send
the above square ∞-functorially to
A B
B B ⊕ LB/A
ψ
ψ η0
ηB/A
where the objects on the left hand side lie over A (i.e., are considered as A-modules), the
objects on the right hand side lie over B, and the horizontal arrows lie over ψ. Taking
vertical cofibres, and using one last time [14] Proposition 4.3.2.15, we obtain a morphism
B ⊗A Cofib(ψ)→ Cofib(η0).
functorial in ψ. Composing with the natural identification Cofib(η0) ≃ LB/A of B-
modules, we obtain the desired ∞-functor ψ 7→ ǫψ.
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Next we prove that this coincides with the functor of Lurie.
Lemma A.2. Let ψ : A→ B be a morphism in C. Then the morphism
ǫψ : B ⊗A Cofib(ψ)→ LB/A
constructed above is equivalent to the morphism of [15] Theorem 7.4.3.1.
Proof. Let us denote by ǫ′ψ the morphism defined in [15]. Recall that it is constructed
using the pullback diagram
BηB/A B
B B ⊕ LB/A
ψ′′
ψ′′
η0
ηB/A
of B-algebras, inducing a commutative triangle
A BηB/A
B
ψ′
ψ
ψ′′
inducing ǫ′ψ as the morphism B ⊗A Cofib(ψ) → Cofib(ψ
′′). This is clearly equivalent to
our definition, so the claim follows.
Let us then globalize the Hurewicz morphism.
Definition A.3. If f : X → Y is a morphism of derived schemes, then we are going to
denote by f ♯ the induced morphism OY → f∗OX . It is then immediate that the Hurewicz
morphisms of Construction A.1 glue together to give the global Hurewicz morphism
ǫf : f
∗Cofib(f ♯)→ LX/Y .
The naturality of the Hurewicz morphism in commutative squares of algebras imme-
diately translates into the following statement.
Theorem A.4. Suppose
X ′ Y ′
X Y
f ′
g′ g
f
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is a commutative square of derived schemes, and consider it as a morphism G : f ′ →
f . Then the commutative squares induced by the functoriality of Construction A.1 glue
together to give a commutative square
f ∗Cofib(f ♯) LX/Y
g′∗f
′∗Cofib(f ′♯) g′∗LX′/Y ′
ǫf
f∗(ψ′G) L
′
G
g′∗(ǫf ′)
of coherent sheaves, where L′G is the natural morphism on relative cotangent complexes
induced by G, and ψ′G is the morphism induced by taking horizontal cofibres of
OY f∗OX
g∗OY ′ g∗f
′
∗OX′ .
f♯
g♯ f∗(g′♯)
g∗(f ′♯)
In the sequel, we are going to only apply the following corollary, which is the derived
analogue of the classical fact that the conormal sheaf of a closed embedding determined
by a sheaf of ideals I can be naturally identified with I/I2.
Corollary A.5. Suppose
Z ′ X ′
Z X,
i′
g′ g
i
is a commutative square of derived schemes with i and i′ closed embeddings, and consider
it as a morphism G : i′ → i. Then the induced morphism
π1(LG) : π1(g
′∗
LZ/X)→ π1(LZ′/X′)
can be naturally identified with the induced morphism
π0(i
′∗ψG) : π0(i
′∗g∗I)→ π0(i
′∗I ′),
where I := Fib(i♯) and I ′ := Fib(i′♯), and where ψG and LG are the adjoints of their
primed counterparts in Theorem A.4.
Proof. Taking adjoint of the square of Theorem A.4, we obtain a commutative square
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i′∗g∗Cofib(i♯) g′∗LZ/X
i′∗Cofib(i′♯) LZ′/X′ .
g′∗(ǫi)
i′∗(ψG) LG
ǫi′
By [15] Theorem 7.4.3.1, the morphisms ǫi′ and g
′∗(ǫi) induce isomorphisms on π0 and π1,
so the claim follows from the natural identification of Cofib(i♯) and Cofib(i′♯) with I[1]
and I ′[1] respectively.
B Derived blow ups and deformation to normal bundle
The purpose of this section is to study the constructions of derived blow ups and deforma-
tion to normal cone from [10], and to record how they interact with the analogous classical
constructions. The results of this section play a fundamental role in the construction and
study of virtual pullbacks in Appendix C. Throughout the section all derived schemes
will be quasi-projective over a field k of characteristic 0. In particular, all derived schemes
will be Noetherian and qcqs. Throughout the section we will denote by N ∨X/Y the shifted
cotangent complex (we will call it the conormal complex or the conormal sheaf ).
The structure of this section is as follows: in Section B.1, we recall the definition and
basic properties of derived blow up from [10]. In Section B.2 we study schemes associated
to so called ideal-like sheaves, which we will prove to model the truncation of a derived
blow up in Section B.3. Section B.4 is devoted to understanding how classical blow up
sits inside derived blow up. Finally, in Section B.5, we will use the results of the previous
sections to study the related construction of derived deformation to normal bundle, and
to prove several results analogous to those in Verdier’s fundamental article [19].
B.1 Derived blow ups
The following two definitions are from [10].
Definition B.1. Let Z →֒ X be a quasi-smooth closed embedding of derived schemes.
Then, for any X-scheme S, a virtual Cartier divisor on S lying over Z is the datum of a
coherently commutating diagram
D S
Z X
iD
g
such that
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1. iD is a quasi-smooth closed embedding of virtual codimension 1;
2. the underlying square of classical schemes is Cartesian;
3. the canonical morphism
g∗N ∨Z/X → N
∨
D/S
induces a surjection on π0.
Definition B.2. Let Z →֒ X be a quasi-smooth closed embedding of derived schemes.
Then the derived blow up BlZ(X) is the X-scheme representing virtual Cartier divisors
lying over Z. In other words, given an X-scheme S, the space of X-morphisms
S → BlZ(X)
is naturally identified with the maximal sub ∞-groupoid of the ∞-category of virtual
Cartier divisors of S that lie over Z.
The following is part of Theorem 4.1.5 of [10] with one minor modification.
Theorem B.3. Let i : Z →֒ X be a quasi-smooth closed embedding of quasi-projective
derived k-schemes. Then
1. the derived blow up BlZ(X) exists and is unique up to contractible space of choices;
2. the structure morphism π : BlZ(X) → X is projective, quasi-smooth, and induces
an equivalence
BlZ(X)−Du → X − Z,
where Du is the universal virtual Cartier divisor on BlZ(X) lying over Z;
3. the derived blow up BlZ(X)→ X is stable under derived base change;
4. there is a natural morphism
PZ(NZ/X)→ BlZ(X)
exhibiting the left hand side as the universal virtual Cartier divisor on BlZ(X) lying
over Z; moreover, the induced surjection
g∗N ∨Z/X → N
∨
Du/BlZ(X)
is naturally identified with the natural surjection g∗N ∨Z/X → O(1) on PZ(NZ/X);
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5. if Z
i
→֒ X
j
→֒ Y is a sequence of quasi-smooth closed embeddings, then the outer
square in
Du BlZ(X)
Z X Y
iDu
gu π j◦π
i j
is a virtual Cartier divisor on BlZ(X) lying over Z →֒ Y , and induces a quasi-smooth
closed embedding (the strict transform)
i˜ : BlZ(X) →֒ BlZ(Y );
6. if Z and X are classical schemes (so that Z →֒ X is l.c.i.), there is a natural
equivalence
BlZ(X) ≃ Bl
cl
Z(X),
where the right hand side is the classical blow up.
Proof. Everything except the projectivity of π follow from [10]. The projectivity of π is
Proposition 2.73 of [5].
B.2 Ideal-like sheaves and their symmetric algebras
The purpose of this section is to study a particularly nice class of coherent sheaves (with
extra structure) on classical schemes, and homogeneous spectra of their symmetric alge-
bras. Let us begin with the main definition.
Definition B.4. Let X be a classical scheme, and let F be a discrete quasi-coherent sheaf
on X together with a morphism µ : F → OX . Such a pair (F , µ) is called an ideal-like
sheaf if the morphism
F ⊗clOX F
Id⊗µ−µ⊗Id
−−−−−−−→ F
vanishes. Above, ⊗cl denotes the underived tensor product.
The main motivation to study such pairs (as well as the motivation behind the termi-
nology) is given by the following result.
Proposition B.5. Let i : Z →֒ X be a closed embedding of derived schemes, and let
I
µ
−→ OX
i♯
−→ i∗OZ
be a cofibre sequence. Then (π0(I), π0(µ)) is an ideal-like sheaf on the truncation τ0(X).
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Proof. Without loss of generality, we may assume X to be affine and classical, say
X = Spec(A). Then Z is equivalent to Spec(A[x1, x2, x3, ...]) where xi give a quasi-free
commutative dg-algebra resolution of the structure sheaf of Z. Now there is a natural
identification
I ≃ τ≥0(A[x1, x2, x3, ...][−1])
and the morphism µ is given by the differential. Unwinding the definitions, we see that
the truncation being ideal-like is equivalent to d(x)y − xd(y) being a boundary for x and
y degree 1 elements of A[x1, x2, x3, ...]. But this is clear since
d(xy) = d(x)y − xd(y),
so the claim follows.
Being ideal-like gives rise to virtual exceptional divisor on the homogeneous spectrum
of the symmetric algebra. Indeed, let X be a scheme and let (F , µ) be an ideal-like sheaf
on X. Then µ induces well defined morphisms
Symr+1X (F)→ Sym
r
X(F)
affine locally by formula
m0m1 · · ·mr 7→ µ(m0)m1 · · ·mr,
and these morphisms give rise to a morphism
µ :
∞⊕
i=0
Symi+1X (F)→
∞⊕
i=0
SymiX(F)
of graded modules over the symmetric algebra Sym∗X(F). Passing to homogeneous spectra,
we obtain a natural morphism
s∨µ : O(1)→ O
of line bundles on the homogeneous spectrum Proj
(
Sym∗X(F)
)
.
Definition B.6. Let everything be as above. Then the derived vanishing locus of the
induced global section
sµ ∈ Γ
(
Proj(Sym∗X(F));O(−1)
)
is called the virtual exceptional divisor and is denoted by EF .
The virtual exceptional divisor is also the key to establishing a connection of the
homogeneous spectra of symmetric algebras of ideal-like sheaves with truncations derived
blow ups. Before doing this, we need to collect some preliminary results.
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Construction B.7. Denote by A• the mapping cone of
µ :
∞⊕
i=0
Symi+1X (F)→
∞⊕
i=0
SymiX(F)
considered as a sheaf of graded dg-algebras (notice two gradings: one internal to the dg-
algebra structure, and another keeping track of Gm-action). Notice that A0 is the cone of
µ : F → OX , and the relative spectrum of A0 is a derived subscheme
ZF →֒ X.
Since A• is a sheaf of graded dg-algebras over A0, we can form a commutative (commu-
tative on the nose) square
EF Proj
(
Sym∗X(F)
)
ZF X
g′
F πF
of derived schemes.
Lemma B.8. Let everything be as in Construction B.7. Then the induced morphism
g′∗FN
∨
ZF/X
→ N ∨EF/Proj(Sym∗X(F))
induces a surjection on π0.
Proof. By Corollary A.5, it is enough to check that the natural map
π∗FF → O(−EF)
on homotopy fibres induces a surjection on π0. But this morphism coincides with the one
induced by the natural map
∞⊕
i=0
SymiX(F)⊗
cl
OX
F →
∞⊕
i=0
Symi+1X (F)
which is obviously a surjection.
Suppose then that i : Z →֒ X is a quasi-smooth closed immersion with X classical, and
denote the homotopy fibre of i♯ by I. Recall that by Proposition B.5, π0(I) has a natural
structure of an ideal-like sheaf on τ0(X). Moreover, the closed immersion Zπ0(I) →֒ X as
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in Construction B.7 coincides with inclusion of the truncation τ≤1(Z) →֒ X. If we denote
by gZ/X the composition
Eπ0(I) τ≤1(Z) Z,
g′
π0(I)
where the latter morphism is the canonical inclusion of truncation, we get the following
result.
Theorem B.9. Let everything be as above. Then
Eπ0(I) Proj
(
Sym∗X(π0(I))
)
Z X
gZ/X
i
exhibits Eπ0(I) as a virtual Cartier divisor lying over Z.
Proof. This follows from Lemma B.8 after noting that the natural morphism induces an
isomorphism
π0(N
∨
Z/X)
∼= π0(N
∨
τ≤1(Z)/X
)
of homotopy sheaves.
Remark B.10. If X is not classical, then we can form the diagram
Eπ0(I) Proj
(
Sym∗τ0(X)(π0(I))
)
Z ′ τ0(X)
Z X
where the upper square is given by Theorem B.9 and the lower square is derived Cartesian.
Then the outer square exhibits Eπ0(I) as a virtual Cartier divisor over Z.
Finally, since the truncation of the virtual exceptional divisor is has an easy descrip-
tion, we record it here.
Proposition B.11. Let X be a scheme and (F , µ) an ideal like sheaf on X. Then the
underlying classical scheme of the virtual exceptional divisor EF is naturally identified with
Proj
(
Sym∗τ0(ZF )(F|τ0(ZF ))
)
,
where ZF is as in Construction B.7.
Proof. The proof is trivial.
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B.3 Truncation of derived blow up
Suppose that i : Z →֒ X is a quasi-smooth closed embedding, and denote by I the
homotopy fibre of i♯ : OX → i∗OZ . The main purpose of this section is to provide a nat-
ural identification of τ0
(
BlZ(X)
)
with Proj
(
Sym∗τ0(X)(π0(I))
)
, and to give an alternative
characterization of strict transforms under this identification.
We already know (see Theorem B.9 and the remark following it) that the virtual
exceptional divisor on Proj
(
Sym∗τ0(X)(π0(I))
)
gives rise to a canonical morphism
ρ′Z/X : Proj
(
Sym∗τ0(X)(π0(I))
)
→ τ0
(
BlZ(X)
)
.
Moreover, by the following Lemma, there is a morphism
ρZ/X : τ0
(
BlZ(X)
)
→ Proj
(
Sym∗τ0(X)(π0(I))
)
in the other direction.
Lemma B.12. Taking vertical fibres in the commutative square
π∗OX π∗i∗OZ
OBlZ (X) iDu∗ODu
of coherent sheaves on BlZ(X) induced by the universal blow up square, we obtain a natural
morphism
ψ : π∗I → O(−Du)
which is a surjection on π0.
Proof. We prove the result by investigating the morphisms induced on the stalks of the
truncation τ0
(
BlZ(X)
)
. We note that there is a natural diagram
π0(π
∗I) O
π0
(
O(−Du)
)
I ′ O
π0(ψ) =
φ
of coherent sheaves on τ0
(
BlZ(X)
)
, where I ′ is the sheaf of ideals associated to the classical
immersion τ0(Du) →֒ τ0
(
BlZ(X)
)
, and the diagonal morphism is surjective because the
blow up square truncates to a Cartesian square. If a point p is not in τ0(Du), then π0(ψ)p
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is surjective because φp is an isomorphism. On the other hand, if p ∈ τ0(Du), then the
induced morphism
π0(ψ)⊗Op
(
Op/I
′
p
)
: π0
(
π∗I
)
p
⊗Op
(
Op/I
′
p
)
→ π0
(
O(−Du)
)
⊗Op
(
Op/I
′
p
)
is surjective by the universal property of the derived blow up combined with Corollary
A.5, so the claim follows from Nakayama’s Lemma.
The main result of this subsection is the following theorem. Note that there is a similar
result in [10] (Theorem 4.1.5 (vii)), but explicit global identifications are missing.
Theorem B.13. The morphisms ρZ/X and ρ
′
Z/X are inverses of each other.
Proof. By naturality, it is enough to check this in the case of i being {0} →֒ An. Note that
now I is discrete, and coincides with the ideal I = 〈x1, ..., xn〉 ⊂ k[x1, ..., xn]; moreover,
Bl{0}(A
n) is a classical scheme. Let us simplify the notation by denoting the morphisms
of interest by ρ and ρ′ respectively.
To prove that the composition ρ′ ◦ ρ is the identity, we merely have to notice that the
vertical morphism of
I
O(−Du) O
s∨Du
being an epimorphism implies that no other morphism than s∨Du can make the triangle
commute. It follows that the virtual exceptional divisor on Proj
(
Sym∗An(I)
)
pulls back
along ρ to the universal divisor on Bl{0}(A
n).
Similarly, by [18] Chapter 1 Théorème 1 the symmetric and the Rees algebras of I
coincide, and it follows that the horizontal morphism of the triangle
I
O(1) O
s∨µ
on Proj
(
Sym∗
An
(I)
)
is a monomorphism. Consequently, the surjection I → O(−Du) on
Bl{0}(A
n) has to pull back along ρ′ to the universal surjection I → O(−1) on Proj
(
Sym∗
An
(I)
)
,
and therefore the composition ρ ◦ ρ′ is the identity.
Next we are going to provide a concrete characterization of strict transforms under this
identification. Suppose Z
i
→֒ X
j
→֒ Y is a sequence of quasi-smooth closed embeddings,
and consider the induced commutative square
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OY j∗i∗OZ
j∗OX j∗i∗OZ ,
(j◦i)♯
j♯ Id
j∗(i♯)
Taking horizontal fibres, we obtain a natural morphism
ψZ/X/Y : I
′ → j∗I,
and comparing the long exact homotopy sequences, we see that π0(ψZ/X/Y ) is a surjection
of sheaves. It turns out that ψZ/X/Y determines the truncation of the strict transform.
Proposition B.14. Let everything be as above. Then, under the identification of Theorem
B.13, the truncation τ0(˜i) : τ0
(
BlZ(X)
)
→֒ τ0
(
BlZ(Y )
)
of the strict transform coincides
with the morphism induced by the surjection
Sym∗τ0(Y )
(
π0(I
′)
)
։ Sym∗j∗Oτ0(X)
(
π0(j∗I)
)
which is induced by the surjection of sheaves
π0(ψZ/X/Y ) : π0(I
′)։ π0(j∗I)
and j♯.
Proof. We need to show that the morphism
ρZ/Y ◦ τ0(˜i) ◦ ρ
′
Z/X
coincides with the morphism corresponding to the composition
π0(j
∗I ′) π0(I) O(1)
π0(ψ′Z/X/Y )
where the second morphism is the universal surjection on Proj
(
Sym∗τ0(X)(π0(I))
)
, and
ψ′Z/X/Y is the adjoint of ψZ/X/Y . But this is trivial, since by construction the strict
transform i˜ is induced by the virtual Cartier divisor over Z given by the outer square of
Du BlZ(X)
Z X
Z Y
Id
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so that ρZ/Y ◦ τ0(˜i) is induced by the surjection
π0(j
∗I ′) π0(I) O(−Du).
π0(ψ′Z/X/Y )
The claim then follows from Theorem B.13, as π0(I) ։ O(−Du) pulls back along ρ′Z/X
to the universal surjection π0(I)։ O(1) on Proj
(
Sym∗τ0(X)(π0(I))
)
.
B.4 Comparison with classical blow up
The purpose of this section is to study how the classical blow up interacts with the
derived blow up. Suppose i : Z →֒ X is a quasi-smooth closed immersion, and consider
the classical blow up
Blclτ0(Z)
(
τ0(X)
)
:= Proj
(
Oτ0(X)[I0t]
)
,
which is given by the homogeneous spectrum of the Rees algebra on the sheaf of ideals
I0 cutting out τ0(Z) from τ0(X). Let us denote by I be the fibre of i♯ : OX → i∗OZ , and
notice that taking horizontal fibres in the induced commutative square
OX OZ
Oτ0(X) Oτ0(Z)
we obtain a natural morphism ψZ/X : I → I0. Comparing the long exact homotopy
sequences, we conclude that ψZ/X induces a surjection on π0.
Lemma B.15. The evident square
E Blclτ0(Z)
(
τ0(X)
)
Z X.
where E is the exceptional divisor of the classical blow up, exhibits E as a virtual Cartier
divisor lying over Z.
38
Proof. The square is of course the outer square in
E Blclτ0(Z)
(
τ0(X)
)
τ0(Z) τ0(X)
Z X.
The only thing for us to check is that the third condition of Definition B.1 is satisfied. By
Corollary A.5 it is enough to check that the induced morphism
I → O(−E)
on homotopy fibres induces a surjection on π0. But this is easy, since the above morphism
factors as
I
ψZ/X
−−−→ I0 → O(−E),
since the latter morphism is surjective by the universal property of classical blow up, and
since we already noted that π0(ψZ/X) is surjective.
We therefore obtain a natural morphism
iZ/X : Bl
cl
τ0(Z)
(
τ0(X)
)
→ τ0
(
BlZ(X)
)
.
This morphism has the following alternative description as well:
Theorem B.16. Let everything be as above. Then, under the identification
τ0
(
BlZ(X)
)
= Proj
(
Sym∗π0(X)(π0(I))
)
of Theorem B.13, the morphism iZ/X coincides with the morphism induced by the evident
surjection
Sym∗τ0(X)
(
π0(I)
)
։ Oτ0(X)[I0t]
which is induced by the surjection π0(ψZ/X). In particular, iZ/X is a closed embedding.
Proof. By unwinding the definitions, we see that the universal surjection
π0(I)։ O(1)
on Proj
(
Sym∗τ0(X)(π0(I))
)
pulls back to
π0(I) I0 O(−E)
ψZ/X
on Blclτ0(Z)
(
τ0(X)
)
. The claim follows.
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B.5 Deformation to the normal bundle
The notion of a derived blow up allows us to define derived deformation to the normal
bundle. The purpose of this section is to use the results obtained in the previous sections
in order to study the truncation of the derived deformation space, as well as to study how
it interacts with the classical deformation space.
Let us begin with the main definition:
Definition B.17. Let i : Z →֒ X be a quasi-smooth closed immersion of derived schemes.
We define the derived deformation to the normal bundle as the inclusion of derived schemes
A1 × Z M(Z/X)
jZ/X
over A1 × X, where M(Z/X) is the open complement of the strict transform of {0} ×
X inside Bl{0}×Z(A
1 × X), and jZ/X is the strict transform of A
1 × Z (with restricted
codomain). In particular, jZ/X is a quasi-smooth closed immersion.
Let us recall some basic properties from [10] Theorem 4.1.13.
Theorem B.18. The deformation diagram satisfies the following basic properties.
1. The deformation diagram is stable under derived base change.
2. Over Gm = A
1\{0}, jZ/X is equivalent to the inclusion
Gm × Z Gm ×X.
Id×i
3. Over 0, jZ/X is equivalent to the zero section
Z → NZ/X ,
where the right hand side is considered as an X-scheme via the composition
NZ/X → Z →֒ X.
Our first result identifies the truncation of the derived deformation space with some-
thing more concrete, and it is inspired by Proposition 2.15 of [19]. Let us start by explain-
ing the setup. The scheme A1 × X can be identified as the relative spectrum of OX [t].
Given a quasi-smooth closed immersion i : Z →֒ X, the sequence
Z
i
→֒ X →֒ A1 ×X
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of closed immersions (the second morphism being the zero section) induces a diagram
OX [t] OX [t] 0
I ′ OX [t] OZ
I OX OZ
·t
u′
ψ
u
of quasi-coherent sheaves on X with all rows and columns cofibre sequences. Since the
morphism OX [t]→ OX admits a section, so does ψ, and therefore
I ′ ≃ OX [t] · t⊕ I.
as quasi-coherent sheaves on X.
Moreover, the OX [t]-module structure is easy to describe, at least on the truncation:
by chasing the above diagram we see that
t · (ft,m) = (ft2 + u(m)t, 0) ∈ Oτ0(X)[t] · t⊕ π0(I).
It is therefore easy to conclude that the symmetric algebra over Oτ0(X)[t] of π0(I
′), whose
homogeneous spectrum represents the truncated blow up τ0
(
Bl{0}×Z(A
1×X)
)
by Theorem
B.13, can be decomposed as the bigraded algebra
(2)
...
...
...
Sym2τ0(X)
(
π0(I)
)
· v2 Sym1τ0(X)
(
π0(I)
)
· v2t Oτ0(X) · v
2t2 · · ·
Sym1τ0(X)
(
π0(I)
)
· v Oτ0(X) · vt Oτ0(X) · vt
2 · · ·
Oτ0(X) Oτ0(X) · t Oτ0(X) · t
2 · · ·
where v keeps track of the degree of the symmetric power of π0(I
′). By unwinding the
definitions, one sees that the coefficient module of the monomial vntm is
Symn−mτ0(X)
(
π0(I)
)
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with the convention that the negative symmetric powers are just Oτ0(X), and the multi-
plication
· : Symn−mτ0(X)
(
π0(I)
)
·vntm×Symn
′−m′
τ0(X)
(
π0(I)
)
·vn
′
tm
′
→ Symn+n
′−m−m′
τ0(X)
(
π0(I)
)
·vn+n
′
tm+m
′
is given by the table
(3) (α · vntm) · (β · vn
′
tm
′
) =

αβ · vn+n
′
tm+m
′
if n−m ≥ 0 and n′ −m′ ≥ 0;
βum
′−n′(α) · vn+n
′
tm+m
′
if n−m ≥ 0 and n′ −m′ < 0;
αum−n(β) · vn+n
′
tm+m
′
if n−m < 0 and n′ −m′ ≥ 0;
αβ · vn+n
′
tm+m
′
otherwise.
where we have abusively denoted by u the morphisms
Symi+1τ0(X)
(
π0(I)
)
→ Symiτ0(X)
(
π0(I)
)
given by
m0m1 · · ·mi 7→ u(m0)m1 · · ·mi.
It is then easy to prove the following theorem.
Theorem B.19. Let i : Z →֒ X a quasi-smooth closed immersion, and let I be the fibre
of i♯ : OX → i∗OZ . Then the isomorphism ρ{0}×Z/A1×X of Theorem B.13 restricts to a
natural isomorphism
ρ◦Z/X : τ0
(
M(Z/X)
) ∼=
→ Spec
(⊕
i∈Z
Symiτ0(X)
(
π0(I)
)
· t−i
)
of schemes over τ0(X), where by convention Sym
i
τ0(X)
(
π0(I)
)
:= Oτ0(X) for i negative and
the algebra structure is obvious (see the discussion preceding the statement).
Proof. Using the notation of the discussion preceding the statement, we can translate
Proposition B.14 as saying that the truncated strict transform of {0} × X inside the
truncated blow up τ0(Bl{0}×Z
(
A1 ×X)
)
is the vanishing locus of vt. Hence τ0
(
M(Z/X)
)
is naturally identified with the relative spectrum of the v-degree 0 part of the bigraded
algebra in (2) after inverting vt, and the claim follows.
Since being affine can be checked on the truncation, we immediately obtain the fol-
lowing piece of trivia.
Corollary B.20. The structure morphism M(Z/X)→ A1 ×X is affine.
Let us also record an alternative description for the truncation of jZ/X :
42
Corollary B.21. The composition
A1 × τ0(Z) τ0
(
M(Z/X)
)
Spec
(⊕
i∈Z Sym
i
τ0(X)
(
π0(I)
)
· t−i
)
τ0(jZ/X) ρ
◦
Z/X
is the morphism induced by the obvious surjection⊕
i∈Z
Symiτ0(X)
(
π0(I)
)
· t−i ։
⊕
i≤0
Oτ0(Z) · t
−i.
Proof. In the notation of the discussion preceding Theorem B.19, we can identify A1 ×
τ0(Z) (considered as the truncation of Bl{0}×Z(A
1 × Z)) as the homogeneous spectrum
(with respect to v-degree) of the bigraded algebra
(4)
...
...
...
0 0 Oτ0(Z) · v
2t2 · · ·
0 Oτ0(Z) · vt Oτ0(Z) · vt
2 · · ·
Oτ0(Z) Oτ0(Z) · t Oτ0(Z) · t
2 · · ·
and by Proposition B.14, the morphism we are interested in is the one induced by the
morphism of bigraded algebras from (2) to (4) which is the natural surjection Oτ0(X) →
Oτ0(Z) on each bidegree where it makes sense. Inverting vt and passing to the v-degree 0
homogeneous parts, we obtain the desired result.
It is also easy to describe how the classical deformation space sits inside the derived
one.
Theorem B.22. Let i : Z →֒ X be a quasi-smooth closed immersion. Then the closed
immersion i{0}×Z/A1×X of Theorem B.16 restricts to the closed immersion
i◦Z/X : Spec
(⊕
i∈Z
Ii0 · t
−i
)
= M cl
(
τ0(Z)/τ0(X)
)
→֒ Spec
(⊕
i∈Z
Symiτ0(X)
(
π0(I)
)
· t−i
)
induced by the natural surjection⊕
i∈Z
Symiτ0(X)
(
π0(I)
)
· t−i ։
⊕
i∈Z
Ii0 · t
−i,
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where I0 is the sheaf of ideals cutting τ0(Z) from τ0(X), Ii0 := Oτ0(X) for i negative and
π0(I)։ I0 is the natural map ψZ/X as in Section B.4.
Proof. The proof is essentially the same as the previous two proofs, but uses Theorem
B.16 instead of Proposition B.14.
Given a closed inclusion Z →֒ X of classical schemes, let us denote by CZ/X the normal
cone of Z in X. Recall that this is the relative spectrum over Z of the symmetric algebra
Sym∗Z(π0(N
∨
Z/X)) on the classical conormal sheaf of the inclusion. Note that if Z →֒ X is
a closed embedding of derived schemes, then the canonical surjection
π0(N
∨
Z/X)։ π0(N
∨
τ0(Z)/τ0(X)
)
induces a canonical closed immersion
ιZ/X : Cτ0(Z)/τ0(X) →֒ τ0(N
∨
Z/X)
of schemes over τ0(Z). We then have the following result.
Corollary B.23. Let i : Z →֒ X be a quasi-smooth closed immersion. Under the identi-
fication of Theorem B.22, the (classical) fibre of the natural inclusion
i◦Z/X : M
cl
(
τ0(Z)/τ0(X)
)
→֒ τ0
(
M(Z/X)
)
over 0 is identified with ιZ/X .
Proof. Combine Theorem B.22 with Proposition B.11 and Corollary A.5.
Finally, we are going to prove an analogue of Corollaire 2.18 in [19] for derived de-
formation spaces. Let us first lay out the setup. Suppose Z →֒ X is a quasi-smooth
closed immersion of derived schemes, and let E be a vector bundle on X with zero section
s : X →֒ E. We want to show that τ0
(
M(Z/E)
)
can be identified as the pullback of E
over τ0
(
M(Z/X)
)
.
Let us proceed somewhat similarly as in the discussion preceding Theorem B.19. The
sequence Z →֒ X →֒ E induces a diagram
〈E∨〉 〈E∨〉 0
I ′ LSym∗X(E
∨) OZ
I OX OZ
u′
ψ
u
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of quasi-coherent sheaves on X with all rows and columns cofibre sequences, and this
induces again a natural equivalence
I ′ ≃ 〈E∨〉 ⊕ I.
The Sym∗τ0(X)(E
∨)-module structure on the zeroth homotopy sheaf 〈E∨〉⊕π0(I) is induced
by the usual structure on 〈E∨〉, and the multiplication by elements of E∨ sends elements
from π0(I) to 〈E∨〉 via the composition
E∨ ⊗Oτ0(X) π0(I)
Id×u
−−−→ E∨ ⊗Oτ0(X) Oτ0(X) = E
∨ →֒ 〈E∨〉.
It follows that the symmetric algebra on π0(I ′) over Sym
∗
τ0(X)(E
∨), whose relative spec-
trum represents the truncated deformation space τ0
(
M(Z/E)
)
by Theorem B.19, can be
decomposed as “Laurent polynomials” on variables s and t, where the sheaf of coefficients
for t−nsm is
Symn−mτ0(X)
(
π0(I)
)
⊗Oτ0(X) Sym
m
τ0(X)
(E∨)
(compare this to the bigraded algebra (2); the multiplication is given by the obvious
analogue of (3)), where −n keeps track of the symmetric power of π0(I
′), and where n
(but not m!) is allowed to take negative values as well.
On the other hand, if we change the grading slightly by replacing s by s′ := st, then
the sheaf of coefficients for t−ns′m is
Symnτ0(X)
(
π0(I)
)
⊗Oτ0(X) Sym
m
τ0(X)
(E∨),
and investigating how the multiplication is defined on this bigraded algebra, we can ob-
serve it to be isomorphic to(⊕
i∈Z
Symiτ0(X)
(
π0(I)
)
· t−i
)
⊗Oτ0(X)
(⊕
j≥0
Symjτ0(X)(E
∨) · s′j
)
.
This takes us a long way in proving the following result.
Theorem B.24. Let Z →֒ X be a quasi-smooth closed immersion, and let E be a vector
bundle on X with zero section s : X →֒ E. Then we can form in a commutative diagram
A1 × τ0(Z)
τ0
(
M(Z/X)
)
×τ0(X) τ0(E) τ0
(
M(Z/E)
)
A1
w
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with w an isomorphism of schemes, the upper left diagonal morphism is the composition
A1 × τ0(Z) τ0
(
M(Z/X)
)
τ0
(
M(Z/X)
)
×τ0(X) τ0(E),
τ0(jZ/X) s
s being the zero section, and the upper right diagonal morphism is τ0(jZ/E).
Proof. We already have the isomorphism w by the above discussion. The lower diagram
commutes since w clearly preserves t. To prove that the upper triangle commutes, it
suffices to observe that the morphism⊕
n∈Z,m≥0
Symn−mτ0(X)
(
π0(I)
)
⊗Oτ0(X) Sym
m
τ0(X)
(E∨) · t−nsm →
⊕
n≤0
Oτ0(Z) · t
−n
associated to τ0(jZ/E) sends terms with nontrivial power of s to 0 (easy consequence of
Corollary B.21), and coincides with the morphism associated to the composition
A1 × τ0(Z) τ0
(
M(Z/X)
)
τ0
(
M(Z/X)
)
×τ0(X) τ0(E),
τ0(jZ/X) s
for terms with m = 0.
C Virtual pullbacks in algebraic bordism
The purpose of this section is to construct virtual pullbacks for the algebraic bordism
groups Ω∗ of Levine–Morel. We will closely follow Section 4 of [13], which unfortunately
is imprecise, and makes several mistakes, in its use of derived deformation to the normal
cone. Since this work has gathered a lot of attention recently (see for example [3, 4, 5]
and [6, 7]), we feel like there should be a detailed construction available in the literature.
Throughout the section, k will be a field of characteristic 0, and all derived schemes are
assumed to be quasi-projective over k.
Let us now state our goal more precisely. Suppose f : X → Y is a quasi-smooth
morphism of relative virtual dimension d between quasi-projective derived k-schemes. We
want to construct virtual pullback morphisms
f ! : Ω∗
(
τ0(Y )
)
→ Ω∗+d
(
τ0(X)
)
,
which will coincide with the l.c.i. pullback morphisms constructed in Section 6.5 of [11]
whenever X and Y are classical schemes (quasi-smooth morphisms between classical quasi-
projective k-schemes are precisely l.c.i. morphisms). The main result of this section,
besides the construction of f !, is the following theorem, whose proof is given in Section
C.2.
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Theorem C.1. The virtual pullbacks satisfy the following properties.
1. The morphisms f ! are contravariantly functorial in compositions of quasi-smooth
morphisms. In other words, if f : X → Y and g : Y → Z are quasi-smooth and of
pure relative virtual dimension, then
(g ◦ f)! = f ! ◦ g!.
2. Let
X ′ Y ′
X Y
f ′
g′ g
f
be a homotopy Cartesian square of derived schemes, and suppose f : X → Y is an
l.c.i. morphisms between classical schemes. Then f ′! coincides with the refined l.c.i.
pullback morphism f !g of [11] Section 6.6.
3. Let
X ′ Y ′
X Y
f ′
g′ g
f
be a homotopy Cartesian square of derived schemes with f quasi-smooth and g pro-
jective. Then
f ! ◦ τ0(g)∗ = τ0(g
′)∗ ◦ f.
In our construction of virtual pullbacks, we are going to need some basic properties of
the classical algebraic bordism groups Ω∗ proved in [11]. For the reader’s convenience, we
are going to list them below. In order not to overburden the exposition, we will usually
not explicitly refer to the following theorem when using the listed properties, so the reader
is suggested to familiarize themselves with them.
Theorem C.2. The classical algebraic bordism groups Ω∗ satisfy the following basic prop-
erties.
1. The l.c.i. pullback morphisms f ! are contravariantly functorial in compositions.
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2. If we have a transverse Cartesian square of classical k-schemes
X ′ Y ′
X Y
f ′
g′ g
f
with f l.c.i. and g proper, then f ! ◦ g∗ = g′∗ ◦ f
′!.
3. Let p : E → X be a vector bundle over X of rank r. Then the pullback morphism
p! : Ω∗(X)→ Ω∗+r(E)
is an isomorphism and its inverse (p!)−1 coincides with the l.c.i. pullback s! for a
section s of E.
Proof. The first two claims follow from the fact that Ω∗ is an oriented Borel–Moore ho-
mology theory (see Definition 5.1.3. of [11]), which is the main result of the book [11].
The third claim is the third part of Corollary 6.5.5 of op. cit.
We will continue using notation of the previous section. Given a closed embedding
i : Z →֒ X of derived schemes, the conormal complex N ∨Z/X is by definition the shifted
cotangent complex LZ/X [−1]. If i is quasi-smooth, then the conormal complex is a vector
bundle. We will denote by Cτ0(Z)/τ0(X) the classical normal cone, and by ιZ/X the canonical
inclusion Cτ0(Z)/τ0(X) →֒ τ0(NZ/X) of schemes over τ0(Z). Derived deformation to normal
cone is denoted by M(Z/X) and the classical one by M cl
(
τ0(Z)/τ0(X)
)
.
C.1 Construction of virtual pullbacks
The purpose of this section is to construct virtual pullbacks in algebraic bordism along
quasi-smooth morphisms. In the end, the construction reduces to a very special instance:
pulling back along a virtual Cartier divisor, which is already defined in [11] under the
slightly different name of “intersection with a pseudo-divisor”. The rest will then follow
using the usual strategy of constructing pullbacks: we can construct pullbacks along an
arbitrary derived regular embedding Z →֒ X using the derived deformation to the normal
bundle spaces M(Z/X) studied in Section B.5, and finally we can construct pullbacks
along arbitrary quasi-smooth morphisms by factoring them as a composition of a derived
regular embedding and a smooth morphism.
Given a quasi-smooth closed immersion i : Z →֒ X, we can form the sequence
X Gm ×X M(Z/X) NZ/X Z
pr2 u jZ/X p
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of derived schemes, where u is the canonical open embedding to the derived deformation
space, jZ/X is the virtual Cartier divisor defined as the derived fibre over 0 of the canonical
morphism M(Z/X)→ A1, and p is the vector bundle projection. Analogously to Section
6.5.2 of [11], we make the following definition.
Definition C.3. Let everything be as above. We can then define the derived specialization
morphism σZ/X : Ω∗
(
τ0(X)
)
→ Ω∗
(
τ0(NZ/X)
)
as the composition
Ω∗
(
τ0(X)
) pr∗2−−→ Ω∗+1(Gm × τ0(X)) (u∗)−1−−−−→ Ω∗+1(τ0(M(Z/X))) jpZ/X−−−→ Ω∗(τ0(NZ/X)),
where jpZ/X is the pullback along pseudo-divisor defined in Section 6.5.1 of [11].
Remark C.4. Note that since u∗ is not a bijection (only a surjection), (u∗)−1 is not well
defined. However, since jpZ/X ◦ τ0(jZ/X)∗ = 0, the well definedness of the composition
jpZ/X ◦ (u
∗)−1 follows from the localization exact sequence.
The following result, which we will not use later, gives perhaps a more concrete formula
for the derived specialization morphism. We begin by noting that given a derived regular
embedding i : Z →֒ X, the classical deformation space M cl
(
τ0(Z)/τ0(X)
)
allows us to
define a specialization morphism
στ0(Z)/τ0(X) : Ω∗
(
τ0(X)
)
→ Ω∗
(
Cτ0(Z)/τ0(X)
)
landing in the bordism group of the normal cone. Recalling that the normal cone sits
canonically inside τ0
(
NZ/X
)
, we obtain the following.
Proposition C.5. Let Z →֒ X be a quasi-smooth closed embedding. Then
σZ/X = ιZ/X∗ ◦ στ0(Z)/τ0(X),
where ιZ/X is the canonical closed embedding Cτ0(Z)/τ0(X) →֒ τ0(NZ/X).
Proof. By Corollary B.23 and basic properties of (derived) deformation spaces, we have
the Cartesian diagram
Cτ0(Z)/τ0(X) M
cl
(
τ0(Z)/τ0(X)
)
Gm × τ0(X)
τ0(NZ/X) τ0
(
M(Z/X)
)
Gm × τ0(X).
ιZ/X
jτ0(Z)/τ0(X)
i◦
Z/X
u′
Id
τ0(jZ/X) u
Since Cτ0(Z)/τ0(X) is the pullback of τ0(NZ/X) along i
◦
Z/X as pseudo-divisors, it follows from
[11] Lemma 6.2.1 (1) that
(5) jpZ/X ◦ i
◦
Z/X∗ = ιZ/X∗ ◦ j
p
τ0(Z)/τ0(X)
.
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On the other hand, as i◦Z/X∗ ◦ (u
′∗)−1 is a one sided inverse “morphism” of u∗, we can
compute that
σZ/X = j
p
Z/X ◦ (u
∗)−1 ◦ pr∗2
= jpZ/X ◦ i
◦
Z/X∗ ◦ (u
′∗)−1 ◦ pr∗2
= ιZ/X∗ ◦ j
p
τ0(Z)/τ0(X)
◦ (u′∗)−1 ◦ pr∗2 (5)
= ιZ/X∗ ◦ στ0(Z)/τ0(X)
proving the claim.
We can now define virtual pullbacks along quasi-smooth immersions.
Definition C.6. Suppose i : Z →֒ X is a derived regular embedding of virtual codimen-
sion d. We define the virtual pullback i! : Ω∗
(
τ0(X)
)
→ Ω∗
(
τ0(Z)
)
as the composition
Ω∗
(
τ0(X)
) σZ/X
−−−→ Ω∗
(
τ0(NZ/X)
) (p∗)−1
−−−→ Ω∗−d
(
τ0(Z)
)
,
where p is the natural projection of the vector bundle τ0(NZ/X)→ τ0(Z).
Many desirable properties are verified by the following three lemmas.
Lemma C.7 (cf. [13] Lemma 4.13). Suppose
Z ′ X ′
Z X
i′
f ′ f
i
is homotopy Cartesian with i a derived regular embedding. Then
1. if f is proper,
i! ◦ τ0(f)∗ = τ0(f
′)∗ ◦ i
′!;
2. if f is smooth,
τ0(f
′)! ◦ i! = τ0(f)
! ◦ i′!.
Proof. Since derived deformation spaces are stable under homotopy pullbacks, the induced
diagram
X ′ Gm ×X ′ M(Z ′/X ′) NZ′/X′ Z
′
X Gm ×X M(Z/X) NZ/X Z
f
pr2
Id×f
u′
f ′′
jZ′/X′
f ′′′
p′
f ′
pr2 u jZ/X p
is homotopy Cartesian. Hence, the pseudo-divisor induced by jZ/X pulls back along τ0(f
′′)
to the pseudo divisor induced by jZ′/X′ , and therefore Lemma 6.2.1 of [11] tells us that in
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1. we have the identity
jpZ/X ◦ τ0(f
′′′)∗ = τ0(f
′′)∗ ◦ j
p
Z′/X′ ;
2. we have the identity
τ0(f
′′)! ◦ jpZ/X = j
p
Z′/X′ ◦ τ0(f
′′′)!.
The commutativity of the three other squares needed to prove the result follow from the
basic properties of smooth pullbacks and proper pushforwards in Ω∗, so we are done.
Lemma C.8. Suppose i : D →֒ X is a virtual Cartier divisor. Then
i! = ip : Ω∗
(
τ0(X)
)
→ Ω∗−1
(
τ0(D)
)
.
Proof. Since both types of pullbacks satisfy a similar push pull formula in homotopy
Cartesian squares (i! by Lemma C.7 (1), ip by [11] Lemma 6.2.1), it is evidently enough
to deal with the following special case (see op. cit. Definition 6.5.1): X is smooth and
connected and D is either
1. an snc divisor on X;
2. the derived vanishing locus of the zero section of a line bundle L on X.
Case 1. is a special case of [11] Lemma 6.5.6, so it is enough for us to deal with case 2.
But now the classical deformation space is equivalent to A1 × X and therefore σX/τ0(D)
is the identity. Moreover, ιD/X is the zero section s : X →֒ L , so that i
! = s! ◦ s∗ is the
multiplication by the first Chern class of L . But since also ip is the multiplication by the
first Chern class of L in this case, we are done.
Lemma C.9. Suppose the square
Z ′ X ′
Z X
i′
j′ j
i
is homotopy Cartesian, with all morphisms quasi-smooth closed immersions. Then
i′! ◦ j! = j′! ◦ i!.
Proof. By assumption, the diagram
X ′ Gm ×X ′ M(Z ′/X ′) NZ′/X′ Z ′
X Gm ×X M(Z/X) NZ/X Z
pr2 u′ jZ′/X′ p
′
pr2 u jZ/X p
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is homotopy Cartesian, and since the virtual pullbacks commute with smooth pullbacks
by Lemma C.7, we are reduced to showing that virtual pullbacks commute with pullbacks
along pseudo-divisors (induced from virtual Cartier divisors).
But given a homotopy Cartesian diagram
D′ X ′
D X
iD′
j′′ j
iD
with D and D′ virtual Cartier divisors, we can form the following homotopy Cartesian
diagram
D Gm ×D M(D′/D) ND′/D D′
X Gm ×X M(X ′/X) NX′/X X ′,
pr2 u′ jD′/D
pr2 u jX′/X
and [11] Lemma 6.2.1 reduces the problem to showing that pullbacks along pseudo divisors
commute with each other. But this follows from [11] Proposition 6.3.3, so we are done.
Moreover, the following result gives a criterion for when the virtual pullback can be
computed as the pullback along the truncation.
Lemma C.10. Suppose that
τ0(Z) τ0(X)
Z X
τ0(i)
i
is homotopy Cartesian. Then
i! = τ0(i)
!
where the right hand side is the l.c.i. pullback of [11] Section 6.5.
Proof. In this situation the truncation τ0
(
M(Z/X)
)
is naturally isomorphic to the clas-
sical deformation space M cl
(
τ0(Z)/τ0(X)
)
, and the claim follows by comparing the two
definitions.
Finally, we can extend the definition of virtual pullbacks to arbitrary quasi-smooth
morphisms using the following lemma.
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Lemma C.11 ([13] Lemma 4.15). Suppose f : X → Y is quasi-smooth, and suppose we
have factorizations
X
i1−→ P1
p1
−→ Y
and
X
i2−→ P2
p2
−→ Y
of f into a composition of a smooth morphism p and a closed immersion i (necessarily a
derived regular embedding). Then
i!1 ◦ τ0(p1)
! = i!2 ◦ τ0(p2)
!.
Proof. We can now form commutative diagrams
P1 ×Y P2
X Pj
Y
prj
i12
ij
f
pj
for j = 1, 2, and since smooth pullbacks are functorial in Ω∗
(
τ0(−)
)
, we are reduced to
showing the following: suppose we have a commutative triangle
Y
X Z
p
j
i
where i and j are derived regular embeddings and p is smooth. Then
i! = j! ◦ τ0(p)
!.
We will show this.
We start by forming the homotopy Cartesian square
X ′ Y
X Z
i′
p′ p
i
and noting that p′ admits a section s : X →֒ X ′ such that i′ ◦ s is naturally equivalent to
j. Moreover, as the square
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τ0(X) τ0(X
′)
X X ′
τ0(s)
τ0(s)
is homotopy Cartesian (since s is a section of a smooth morphism), we see that s! = τ0(s)
!,
where the right hand side denotes the l.c.i. pullback of Levine–Morel. We can then
compute that
i! = τ0(s)
! ◦ τ0(p
′)! ◦ i!
= τ0(s)
! ◦ i′! ◦ τ0(p)
! (Lemma C.7)
= s! ◦ i′! ◦ τ0(p)
! (Lemma C.10)
= j! ◦ τ0(p)
! (Lemma C.13)
proving the claim.
We are finally ready to make the main definition of the section.
Definition C.12. Let f : X → Y be a quasi-smooth morphism of relative dimension d,
and let
X
i
→֒ P
p
→ Y
be a factorization of f where i is a closed embedding and p is a smooth morphism. By
Lemma C.11, the morphism
f ! := i! ◦ τ0(p)
! : Ω∗
(
τ0(Y )
)
→ Ω∗+d
(
τ0(X)
)
depends only on f , and we define this to be the virtual pullback along f .
C.2 Proof of Theorem C.1
The purpose of this section is to prove that the virtual pullbacks satisfy various desirable
properties. However, before giving the proof, we need the following result, which was
already used in the proof of Lemma C.11.
Lemma C.13 ([13] Proposition 4.14). Suppose we have quasi-smooth immersions
Z
i
→֒ X
j
→֒ Y.
Then i! ◦ j! = (j ◦ i)!.
Proof. We prove the theorem in two parts.
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1. Let us first deal with the case where j : X →֒ Y is the zero section of a vector
bundle s : X →֒ E. By Theorem B.24, we can form a commutative diagram
A
1 × τ0(Z)
τ0
(
M(Z/X)
)
×τ0(X) τ0(E) τ0
(
M(Z/E)
)
A1
w
with w an isomorphism of schemes. Hence the morphisms σX/E and σE|X/E coincide,
and therefore we can use Lemma C.7 to conclude that
Ω∗
(
τ0(E)
)
Ω∗
(
τ0(NZ/E)
)
Ω∗
(
τ0(X)
)
Ω∗
(
τ0(NZ/X)
)
σZ/E
τ0(s)! s′!
σZ/X
commutes, where s′ is the “zero-section” τ0(NZ/X) →֒ τ0(NZ/E) induced by the
isomorphism w. As s! = τ0(s)
! by Lemma C.10, we can combine the above with
basic properties of Ω∗ to conclude that
i! ◦ s! = (s ◦ i)!,
which is exactly what we wanted.
2. Now for the general case. Consider the quasi-smooth immersion i′ defined as the
composition
A1 × Z A1 ×X M(X/Y ),
Id×i jX/Y
and form the homotopy Cartesian diagram
Z NX/Y
A1 × Z M(X/Y )
Z Y
i′0
s◦i
i0
i′
j◦i
i′1 i1
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by restricting to fibres over 0 and over 1 (s is the zero section X →֒ NX/Y ).
Let then α be an element in Ω∗
(
τ0(Y )
)
, and α˜ any element of Ω∗
(
τ0(M(X/Y ))
)
that restricts to the pullback of α on Ω∗
(
Gm × τ0(Y )
)
. We can then compute that
(j ◦ i)!(α) = i′!1 ◦ i
′!(α˜) (Lemma C.9)
= i′!0 ◦ i
′!(α˜) (homotopy invariance)
= (s ◦ i)! ◦ σX/Y (α) (Lemma C.9)
= i! ◦ s! ◦ σX/Y (α) (part 1.)
= i! ◦ j!(α)
proving the claim.
We are now ready to prove the main result.
Proof of Theorem C.1. Throughout the proof, we will usually denote the truncations
τ0(Y ) and τ0(f) of a derived schemes Y and morphisms f between them by Y0 and
f0 respectively.
1. Since both f and g are projective, we can factor them as
X
i
→֒ Pn × Y
p
→ Y
and
Y
j
→֒ Pm × Z
q
→ Z
respectively, where p and q are the obvious projection morphisms. Form the diagram
X Pn × Y Pn × Pm × Z
Y Pm × Z
Z,
i IdPn×j
p p′
j
q
where p′ is the obvious projection, and note that the middle square is homotopy
Cartesian. We can then simply compute that
f ! ◦ g! = i! ◦ p!0 ◦ j
! ◦ q!0
= i! ◦ (IdPn × j)
! ◦ p′!0 ◦ q
!
0 (Lemma C.7)
=
(
(IdPn × j) ◦ i
)!
◦ (q ◦ p′)!0 (Lemma C.13)
= (g ◦ f)!.
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2. Recall that the normal bundle is stable under derived pullbacks. The proof is now
immediate by comparing the definition of the virtual pullback to that of the refined
pullback in [11] Section 6.6.
3. Let us factor f as
X
i
→֒ P
p
→ Y
where p is smooth. We can now form the homotopy Cartesian diagram
X ′ P ′ Y ′
X P Y
i′
g′ g′′
p′
g
i p
and compute that
f ! ◦ g0∗ = i
! ◦ p!0 ◦ g0∗
= i! ◦ g′′0∗ ◦ p
′!
0 (p0 is smooth)
= g′0∗ ◦ i
′! ◦ p′!0 (Lemma C.7)
= g′0∗ ◦ f
′!,
proving the claim.
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